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Table 3 Equilateral octagonal plates subjected
to uniform compression in the x direction

Strips x
elements 4x4 5x4 5x5 5x6 6x5

Buckling
factors 11.524 6.397 4.534 4.532 4.526

Table 4 Twelve-sided plates
______with uniform compression in the x direction

Strips x
elements 4x4 4x5 5x4 5x5

Buckling
factors 5.579 4.907 4.677 4.348

5x6

4.334

Table 5 Sixteen-sided plates subjected
to uniform compression in the jc direction

Strips x
elements 4x4 4x5 5x5 5x6 6x6

Buckling
factors 5.297 4.605 4.292 4.277 4.272

Table 6 Buckling factors of equilateral polygons

12 16 20
No. of sides

of polygon 8

Buckling
factors 4.526 4.334 4.272 4.208
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2) For a simply supported trapezoidal plate under uniformly
compressive loading in the jc-direction, the finest division used
is a 4 strip x 11 element model on one-half of the trapezoidal
plate. The plate is isosceles with a height of (a), the parallel
sides measure (a and 3#), and the height/thickness ratio (a/t)
is 100. The average width of (2a) is used in lieu of (a) in Eq.
(14). It is subjected to uniform normal compression along the
parallel sides. Buckling factors (with increasing strips and
elements) are shown in Table 2. The buckling factor \b ap-
proaches 6.1.

3)The buckling factors shown in Table 3 are for simply sup-
ported equilateral octagonal plates under compressive loading
in the x direction (Fig. 1).

4) The results of a simply supported, equilateral, 12-sided
plate are investigated. The results are shown in Table 4.

5) The buckling factors of a simply supported, equilateral,
16-sided polygon plate are shown in Table 5.

6) Table 6 lists the buckling factors for different equilateral
polygons, including the circle (a polygon approximated by 20
sides). It can be seen that the buckling factor of equilateral
polygons approaches that of a circle as the number of sides
increase.

Summary
It can be seen from illustrative examples and tables that the

proposed method converges rapidly and accurately when com-
pared with known solutions. The computational labor for the
proposed method is about 2 to 3 times less than that used by
finite element programs of similar accuracy.6 Based on the
authors' experience, more elements (compared with number
of strips) give better accuracy.
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Displacement Equations of Motion

CONSIDER a thin-walled, closed, infinitely long cylin-
drical shell having a noncircular cross section of con-

stant thickness h and made of an isotropic, linearly elastic
material. The shell is referred to a right-hand system of or-
thogonal curvilinear coordinates **, s*, and z. x* is mea-
sured along the axis of the shell, s* along the curve formed
by the intersection of the plane normal to the axis of the
shell and its middle surface, and z inward along the direction
perpendicular to the middle surface of the shell.

The x*, s* coordinates and the radius of curvature r* of
the cross section of the shell are nondimensionalized with
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respect to the radius r0 of a circle whose perimeter is equal to
that of the noncircular cross section of the shell. That is,
x = x*/rQ, s = s*/rQ, and r = r*/rQ.

The displacement equations of motion of a Flugge-type
theory for cylindrical shells of any cross section are

22

_ 3 1

u(x,s,t)

v(x,s,t)

w(x,s,t)
(1)

where u, v, w are the longitudinal, circumferential, and
radial components of displacement, respectively. For the
Flugge-type theory, the operators Lijf /, j= 1,2,3 are given in
Ref. 1.

Harmonic Oscillations
of Infinitely Long Cylindrical Shells

An infinitely long cylindrical shell can vibrate in modes
having any axial wavelength. Its components of displacement
can be expanded in a complete double Fourier series in the
axial and circumferential variables and, thus, the solution
for harmonic oscillations can be assumed as

u(x,s,t) = eiwt [cos\xU(s)

v(x,s,t)=ei"t[sm\xV(s)-cos\xV(s)]

(2)

where

U(s)=
77 = 0,1,2

/i = 0,l,2

(Encosns + Fnsinns)

(Cncosns + jD^si
n = 0,1,2

77 = 0,1,2

(3)

£>0

Fig. 1 Representation of the different types of modes of oval cylin-
drical shells.

In Eq. (2), co is the circular frequency of the vibrations, L
is the given half axial wavelength, and

(4)

Substitution of the components of displacement [Eqs. (2)]
into the equations of motion (1) results in the following
relations:

Qsin A* + QcosAx = 0

RsinXx + Rcos\x = 0 (5)

where

+ (X2-fi2)(/(5)-(^)\^(5)+/:(-^)^^(5)

(6a)
2 / r

/k\3 v\\
( —— + — )\ r r /

kr'
U(s) —— —V" (s)r2

9 r' ( r' \" kr'l275~*W -— \
2k
72--

V(s)

(6c)

Moreover, P, Q, R are obtained from Eqs. (6) by
substituting U, V, W for U, V, W.

In Eqs. (6), the prime denotes differentiation with respect
to 5, Q2 is the nondimensional frequency, and k is the non-
dimensional thickness parameter defined as

(7)

Equations (5) are valid for any value of x and, consequently,
the coefficients of the linearly independent sine and cosine
terms must vanish, resulting in the following two systems of
ordinary linear differential equations with variable
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coefficients:

= Q = R = 0 and P=Q = R = (8)

Inasmuch as the solutions of both systems of Eqs. (8) must
satisfy the same periodicity conditions, we have

U(s)=clU(s), V(s)=c1V(s), W(s)=clWr(s) (9)

Using Eqs. (9), it can be shown that Eqs. (2) assume the
following form:

u(x,s,t) = ei"tcos(\x-xQ)U(s)

v(x,s,t) = eiuts

w(x,s,t) = ei"'si (10)

Comparing the solution of Eqs. (10) to that of simply sup-
ported cylindrical shells,1 it is apparent that:

1) The frequencies and mode shapes of an infinitely long
cylindrical shell vibrating in modes with finite axial
wavelength 2L/m(m^O) are identical to those of a simply
supported shell of the same cross section and length L
vibrating in modes with axial wavenumber m.

2) For ra = 0, the modes of vibration of simply supported
shells become purely longitudinal.1 Plane strain modes can-
not be excited in simply supported shells.

3) In the limit as L-*oo(m = 0), the modes of vibration of
an infinitely long shell uncouple into purely longitudinal
modes (u^O, v = w = 0) and plane strain modes (w = 0, v7*0,
W7*0). In this case, Eqs. (5) reduce to

P = 0 (11)

Q = R = 0 (12)

The frequencies of purely longitudinal modes are obtained
from Eq. (11) and are identical to those of the corresponding
modes of simply supported shells. The frequencies of plane
strain modes are obtained from Eq. (12).

To the order of accuracy of the Donnell, Love, and
Sanders theories, the frequency equation for the purely

longitudinal modes reduces to

COS27T/5 = 1 (13)

where /32 = 2ti2
n/(\ -v). Therefore, their eigenfrequencies

and mode shapes are

U(n) (s) = (Clnsmns+C2ncosns) (14)

That is, to the order of accuracy of the Donnell, Love, and
Sanders theories, the frequencies and mode shapes of the
purely longitudinal modes are independent of the geometry
of the cross section of the shell.

Frequencies of Purely Longitudinal and
Plane Strain Modes of Infinitely

Long Oval Cylindrical Shells
The radius of curvature of an oval cross section is given

as1

= l+ecos2s (15)

where e is the ovality parameter l e i < 1. Substituting Eq. (15)
into Eqs. (11) and (12) and taking the limit as L — oo, the
following homogeneous equations are obtained:

where

o

X} G£> cos/is + XI M1} sin/is = 0
77 = 0,1,2 77=1 ,2 ,3

00 oo

XI G<?> sin/is + £ //<2> cos/is = 0
/i = 0,l,2 77 = 0,1,2

oo OO

XI G<,3)cos«s + XI #<?> sin/is = 0
77 = 0,1,2 77=1 ,2 ,3

B + ̂ 77-2

(16)

(17a)

07b)

(18)

Table 1 Frequencies of symmetric modes of infinitely long oval cylindrical shells, /-0//z =

Theory

Donnell
Love
Sanders
Flugge
Donnell
Love
Sanders
Flugge
Donnell
Love
Sanders
Flugge
Donnell
Love
Sanders
Flugge
Donnell
Love
Sanders
Flugge

n

0
0
0
0
1
1
1
1
2
2
2
2

3
3
3
3
4
4
4
4

Axial

0.0
0.0
0.0
0.0
0.591608
0.591608
0.591608
0.591669
1.183216
1.183216
1.183216
1.183339
1.774824
1.774824
1.774824
1.775009
2.366432
2.366432
2.366432
2.366678

e = 0
Plane

Lower

0.0
0.0
0.0
0.0

0.010205
0.014434
0.0
0.0

0.051636
0.053232
0.038719
0.038728
0.123227
0.124000
0.109507
0.109537

0.224024
0.224487
0.209964
0.210024

strain
Higher

1.000000
1.000000
1.000000
1.000104

1.414250
1.414287
1.414361
1.414214

2.236217
2.136366
2.236664
2.236152

3.162545
3.162811
3.163346
3.162489
4.123487
4.123866
4.124631
4.123441

Axial

0.0
0.0
0.0
0.0
0.591608
0.591608
0.591608
0.591643
1.183216
1.183216
.183216
.183350
.774824
.774824
.774824

1.775042

2.366432
2.366432
2.366432
2.366723

e = 0.6
Plane

Lower

0.0
0.0

(i)a

0.0
0.008782
0.021781

(i)
0.0
0.049609
0.052478
0.037823
0.039071

0.121744
0.122824
0.107158
0.107317

0.221895
0.222856
0.205284
0.205410

strain
Higher

1.005629
1.005713
1.005646
1.005738

1.648208
1.648222
1.648244
1.648208

2.325569
2.325708
2.326027
2.325580

3.197383
3.197675
3.198302
3.197371

4.147038
4.147468
4.148371
4.147025

Axial

0.0
0.0
0.0
0.0
0.591608
0.591608
0.591608
0.591638

1.183216
1.183216
1.183216
1.183370
1.774824
1.774824
1.774824
1.775101

2.366432
2.366432
2.366432
2.366802

€ = 0.1

Plane
Lower

0.0
0.0

(i)
0.0
0.007969
0.033037

(i)
0.0

0.045951
0.049186
0.037113
0.039474

0.119930
0.121179
0.104517
0.104867
0.217424
0.219779
0.194994
0.195325

strain
Higher

1.036201
1.036447
1.036538
1.036619
1.812226
1.812257
1.812284
1.812356
2.465903
2.466031
2.466370
2.466049
3.263898
3.264227
3.264994
3.262966
4.189517
4.190030
4.191162
4.189557

aIndicates imaginary frequencies.
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n + 2 + Oil9En_4

(19a)

, + 2 + a29Dn_4

+ 0:34^/2-2

(19b)

Moreover, /#> (j= 1,2,3) is obtained from G^ (y- 1,2,3)
by replacing ^4 with B, D with C, E with F, and a/ with Z?/
( /= 1,2,. ..,4). The parameters af and £, are obtained from
those given in the Appendix of Ref. 1 by letting X m — 0. In
order that the homogeneous equations (16) and (17) vanish
for any value of 5, the coefficients of the linearly indepen-
dent COSAZS and sin/75 terms must vanish. Thus,

G</> = 0, - 0, and = 0, =0 j = 2,3 (20)

In Eqs. (20) G(/) = 0 involves only the coefficients An,
whereas G^ =Q (y = 2,3) involves only the coefficients Dn
and En. Moreover, JF/W =0 involves only the coefficients Bn,
whereas H^ =0 (y = 2,3) involves only the coefficients Cn
and Fn. Thus, two independent solutions are obtained: one
involving only the coefficients An, Dn, and En and the other
only the coefficients Bn> Cn, and Fn. The first solution is
symmetric with respect to the Y axis (see Fig. 1), while the
second solution involves components of displacement u and
w (which are antisymmetric with respect to the Y axis).
Moreover, GJ^ =0 or H^ =0 (y= 1,2,3) involve only either
the odd or the even Fourier coefficients. Consequently, the
coefficients An, Dn, En or Bn, Cn, Fn can be determined
separately for odd or even values of n. It can be shown that
the Fourier coefficients for even or odd values of n are
associated with components of displacement w, which are
symmetric or antisymmetric respectively with respect to the x

axis (see Fig. 1). On this basis, it is apparent that the Fourier
coefficients of the series expansions for the components of
displacement [Eq. (3)] are divided into four groups, each
associated with one of the four types of modes shown in Fig.
1. The Fourier coefficients belonging to the same group can
be obtained from two different infinite sets of homogeneous
equations that involve the frequency parameter Q2. The one
set represents longitudinal motion and the other plane strain
motion.

In order to establish the frequencies and corresponding
mode shapes, the Fourier series expansions of Eqs. (3) are
truncated, retaining only as many terms as required in order
that the frequencies and corresponding mode shapes are
established within the desired accuracy. This leads to eight
typical algebraic eigenvalue problems from which the four
groups of SS, AS, SA, and AA modes (see Fig. 1) are ob-
tained for both the purely longitudinal and plane strain
modes.

Numerical Results
Numerical results obtained on the basis of the Donnell,

Love, Sanders, and Flugge types of theories are presented in
Table 1. It is apparent that the frequencies of longitudinal
vibrations obtained on the basis of Donnell, Love, and
Sanders theories [Eqs. (14)] differ negligibly from those ob-
tained on the basis of the Flugge-type theory. However, the
frequencies of the lower plane strain modes obtained on the
basis of the Donnell, Love, and Sanders theories differ ap-
preciably from those obtained on the basis of the more ac-
curate Fliigge-type theory. The percent difference decreases
as the number of circumferential nodes increases. The fre-
quencies of oval shells (e^O) vibrating in the lowest flexural
mode (n = 1) obtained of the basis of the Sanders-type theory
are either imaginary or highly inaccurate.
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